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LZ77 vs LZ-End

LZ77 [Ziv and Lempel, 1977] is the smallest greedy parsing
allowing for left-to-right (de)compression.

LZ-End [Kreft and Navarro, 2013] is an LZ77-like parsing
allowing for fast substring extraction,
but the number of its phrases is larger than that of LZ77.

-

Theorem: [This work]

There exist binary strings S such that:

ZEnd (S)
Z77(S)

Zgng (8): # of LZ-End phrases of $
Z,-(S): # of LZ77 phrases of §

= 2 (|S] = o).




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ,,(T) =abaababbabbabaabhb




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ,.(T) =albaababbabbabaabhb

[ First occurrence J




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.g.)
56 7 8 910111213141516 17

1 2 3 4
LZ..(T) = alplaababbabbabaabhb

First occurrence J




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ..(T) = alblaalpbabbabbabaabhb

The longest prefix of p; - J




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ.(T) = alblaalbablbabbabaabhb

The longest prefix of p, - J




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 891011121314151617

LZ.(T) = alblaalbablbabbabalabb




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 891011121314151617

LZ.(T) = alblaalbablbabbabalabb

Non-overlapping




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ.(T) = alblaalbablbabblabaabb

The longest prefix of p; - J

10




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

« pi[1, |p:| — 1] is the longest prefix of p; - p,

which occurs in p; = p;_;. _
The last phrase p, can be a suffix of T
which occurs in p; = p;_;.

E.Q.
9, 1234567 3891011121314151617

LZ.,(T) = alblaalbablbabblabaabb
{ The longest prefix of p; J

11




LZ77 [ZIv and Lempel, 1977]

Definition:
The non-overlapping Lempel-Ziv 77 factorization (LZ77) of a

string T is the factorization LZ,(T) = p,, ..., p, of T such that:
Each phrase p; (1 <1<z — 1) satisfies the following condition.

* pi[1, |p;| — 1] is the longest prefix of p; - p,

which occurs in p; = p; _;.
_ Z 1S the number
Thg last phras_e p, can be a suffix of T of phrases
which occurs in p; - p; _;.

E.g) 1234567 8 91011121314151617
LZ.,(T) = alblaalbablbabblabaabhb
P1 P2 P3 P4 Ps Ps

z.,(T)=6 The number of the
LZ77 phrases of T L2




LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.Q.
9, 1234567 3891011121314151617

LZ.4(T) =abaababbabbabaabb

13



LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g,- of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - -

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.g.)
10 11 1213141516 17

1234567829
LZ. (T) =albaababbabbabaabhb

First occurrence
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LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.g.)
10 11 1213141516 17

1234567829
LZ. (T) = alplaababbabbabaabhb

First occurrence

15



LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.9.) 1234567 8 91011121314151617
LZ-.4(T) = ablaalpabbabbabaabb
End 7 ~N——

{ Suffix of g, [ The longest prefix of g - J
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LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.Q.
9, 1234567 3891011121314151617

LZc (T) :ﬂmaa\ga&abbabaabb

{ Suffix of g,q, J [ The longest prefix of q, - J

17



LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.g.)
8 910111213141516 17

1234567
LZ. (T) = alblaalbalbblabbabaabhb
r—/\ 2
{ Suffix of q,0, The longest prefix of g -

J

18



LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.
9, 12345 910111213141516 17

LZ.(T) = a|bla a\b \ \a M\b aabb

[ Suffix of q,0,050,0:s J [ The longest prefix of g - J

19




LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.Q.
9, 1234567 3891011121314151617

LZ..(T) = alblaalbalbblabbalbaablb

[ Suffix of q,0,0; J { The longest prefix of g, - J
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LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.Q.
9, 1234567891011121314151617

LZEnd(T) = alblaalbalbblabbalbaablb

Sufflx Om The longest prefix of g
and a suffix of T

21



LZ-End [Kreft and Navarro, 2013]
Definition: m

The LZ-End factorization of a string T is of phrases
the factorization LZ.4(T) =qy, ..., g, of T such that:
Each phrase q; (1 <1<z’ — 1) satisfies the following condition.
* q;[1,|q;| — 1] is the longest prefix of ¢; - q. .

which occurs as a suffix of g, -+ g; for some  <1.

The last phrase g,. can be a suffix of T
which occurs as a suffix of g, -+ g; for some j <z".

E.9.) 1234567 8 91011121314151617
LZ..(T) = alblaalbalbblabbalbaablb]
;92 03 Qs 0Os Ue g oF

Zg OI(T) =8 The number of the
" LZ-End phrases of T 22




The ratio zg 4/ 245

It is known that z.,(T) = z,,(T) for any string T.
Then how much is the gap between them?

To analyze this, we consider the ratio z¢, 4 / Z4-.

Z;7(T)=6

E.g) o~

LZ..(T) = alplaajpabbabblabaab

LZ. (T) = alblaalbalbblabbalbaab]
-

ZEnd (T) =3

In this case,
ZEnd(T) _ §
Z77(T) 6

= 1.333---.




Theorem 1: [Kreft and Navarro, 2013]

There exist strings T of alphabet size o = lgﬂ + 1 such that:
Zgnd(T)
= 2 (|T| = ).
Z77(T)

24



Theorem 1: [Kreft and Navarro, 2013]

There exist strings T of alphabet size o = l?)ﬂ + 1 such that:
Z T
E“d((T)) =2 (I > ),
277 $=1(1,2, ..., 0}

B0) ro112 113 214 325 436 .. (6 —2)(o — 3)o

Lz (M) =1]12|113]214]325(436]..[ (6 =20 -23)0
L Ze(M=1)12]11[3]21|4|32|5|43]6| ... | (0 = 2)(0 = 3)o

25



Theorem 1: [Kreft and Navarro, 2013]

Zgnd(T)

Z77(T)

There exist strings T of alphabet size o =

T

3

= 2 (|T| = o0).

+ 1 such that:

X=1{1,2,...,0}

EQ) ro112 113 214 325 436

LZ,,(T) = 1
I—ZEnd (T) =1

12
12

113
113

214
214

325
325

436
436

(0 —2)(c — 3)o
1

N

(0 —2)(c — 3)o
(0 —2)(o — 3)|0

2

26



Theorem 1: [Kreft and Navarro, 2013]

There exist strings T of alphabet size o = l?)ﬂ + 1 such that:
Z T
E“d((T)) =2 (I > ),
277 =1{1,2, ..., 0}
E9) T=112 113 214 325 436 ... (6—2)(c—3)o
z7(T) =0
A
. ™
LZ,,(T)=1{12|113]|214|325|436/|...|(c —2)(c —23)o
L Ze(M)=1)12]11[3]21|4]32|5|43]6| ... | (o = 2)(0 = 3)o
= _/

Y
ZEnd (T) = 2(0- _ 1)

27



Previous work

Theorem 1: [Kreft and Navarro, 2013]

There exist strings T of alphabet size ¢ =

Tl + 1 such that:

3

Z;7n7d(€11’1;) 2 (|T| - OO)
X={1,2,...,0}
B0) To112 113 214 325 436 ... (0-2)(c—23o
z;(T)=0
Lz, =1[12[113[214]325[436|...| (6 =20 -3)0
L Ze(M = 1|12] 11[3] 21]4[32|5 [43]6] ... | (0 = 2)(c - 3)o

Zgnd (T) _ 2(0 — 1)

Z77(T) B

ZEnd (T) = 2(0- _ 1)

=2 (|IT| - 0,0 - x)

28



Theorem 1: [Kreft and Navarro, 2013]

There exist strings T of alphabet size o = l?)ﬂ + 1 such that:
Zgnd(T)
= 2 (|T| = ).
Z77(T)

Theorem 2: [This work]

There exist strings S of alphabet size o = 2 such that:
ZEnd(S)

Z77(S)

= 2 (|S] = o).

The string S in Theorem 2 is the period-doubling sequence.

29



Period-doubling sequence [Boston, 1980]

Definition:

The k-th period-doubling sequence S, over £ = {a, b} is defined
as follows:

e Sp=a

* S =5 Sl ne 1] (k=1

N, Is the length of S, _, thatis n,_, =[S, |-

c Is the last character of S, _;, thatisc =S, _,[n,_,].

c Is bit-flipped character of c.

Intuition:
Copy the first half and flip the last character.

30



Intuition:
Sp=a Copy the first half and flip the last character.

31



Intuition:
Sp =|a Copy the first half and flip the last character.

32



Intuition:
Sp=a Copy the first half and flip the last character.

S, =|ablaa

33



Intuition:
Sp=a Copy the first half and flip the last character.
S;=ab
S,=labaa

S;=|labaalabab

34



{Intuition: J
Sp=a Copy the first half and flip the last character.
S;=ab

S,=abaa

S;=abaaabab

S,—abaaabababaaabaa

S[1, 2K 1] S, [2¢ S[1,2<-11  S[2F
N N

\

Sk+1

35



LZ77 of period-doubling sequences S,

LZ.(5) = db LZ77 Phrase =
7791 = Non-overlapping :
[ } N [ Single J

LZ.(S,) = ablaal longest previous characte
12, (5.) = dblagababl occurrence
LZ,,(S,) = ablaalabablabaaabaal

LZ,,(Ss) = ablaalabablabaaabaalabaaabababaaababl

S,[1, 2K —1] S, [24] S[1, 211  S[27

A A
\

LZ17(Sye) |
From definition of period-doubling sequence and LZ77,
Z77 (Sk) =k + 1. 36

LI




LZ¢ng(Sy) = alb)

LZ¢4(S,) = ablaal

LZe,4(S3) = ablaalabalb)

LZ:4(S,) = ablaajabapablaaabaal

LZ..4(S;) =abaaabababaaabaaabaaabababaaabab

37



L Zgng(Sy) = albl

LZ¢n4(S,) = ablad)

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZc.4(Ss) = abaaabababaaabaaabaaabababaaabab

First occurrence ]

38



LZ¢ng(Sy) = alb)

LZ¢n4(S,) = ablad)

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZc.4(Ss) = ablaaabababaaabaaabaaabababaaabab

First occurrence ]

39



L Zgng(Sy) = alb]

LZgnq(S,) = ablaal

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZ..(S:) =ablaaabababaaabaaabaaabababaaabab

N TS

Ends with The longest prefix of
the 1st phrase the suffix at position 3

40



L Zgng(Sy) = alb]

LZgnq(S,) = ablaal

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZ..(S:) =ablaaabajpabaaabaaabaaabababaaabab

Ends with The longest prefix of
the 2nd phrase the suffix at position 5

41



L Zgng(Sy) = alb]

LZgnq(S,) = ablaal

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZ..(S:) = ablaalabajpablaaabaaabaaabababaaabab

Ends with The longest prefix of
the 4th phrase the suffix at position 8

42



LZn4(Sy) = albl

LZgnq(S,) = ablaal

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZ..(S:) = ablaalabajpablaaabaaabaaabababaaabab

L Ends with

The longest prefix of
the 4th phrase

the suffix at position 11

43



LZ¢ng(Sy) = alb)

LZ¢4(S,) = ablaal

LZe,4(S3) = ablaalabalb)

LZ:4(S,) = ablaajabapablaaabaal

LZc.4(Ss) = ablaajababablaaabaaabaaabababalaabab

Ends with
the 5th phrase

The longest prefix of
the suffix at position 17

44



LZn4(Sy) = albl

LZgnq(S,) = ablaal

LZ:4(S;) = ablaajabalo|

LZ:4(S,) = ablaajabapablaaabaal

LZ..(S:) = dblaalabajpablaaabaaabaaabababajaabahl

Ends with The longest prefix of
the 4th phrase the suffix at position 28

45



LLZ-End of period-doubling sequences S,

LZgpa(Sy) = alb
LZeng(S,) = alb
LZ¢n4(S;) = alb
LZ¢q4(S,) = b
LZen(Ss) = alb
LZen(Se) = alb

aal
aalabalb|
aalabalpab
aalabalpab

aalabalpab

aaabaa
aaabaa

aaabaa

abaaabababalaabab|

abaaabababﬂaaba@abaﬂa”.

|

The last phrase of LZ.4(S,) Is
not always LZ.4(S, ;) phrase.

46



LLZ-End of period-doubling sequences S,

LZgng(S)) = alb
LZ-4(S,) = ablaa
LZe.4(Ss) = ablaalabalb)

LZ-4(S,) = ablaalababablaaabaa
LZg4(Ss) = abladlabapabaaabaajabaaabababalaabab)

LZc4(Se) = albaalaba|babaaabaaabaaabababalaababéabaa|a...

S.[1, 2k—1] S\ [24] Si[1, 2k—1] S.[24]
—— AN — e
I—ZEnd (Sk+1) ! | |
From definition of period-doubling sequence and LZ-End,
Zena(S) = 2k — O(log™k).




Observation 1:

I—ZEnd (84)
alblaalababablaaabaal

LZc,4(Ss)
dblaalababablaaabaahbaaabababahababl

LZe4(Se)
ablaalababablaaabaahbaaabababahabababaahbababaaabaaabaaabababaahbaal

48



Observation 1:

I—ZEnd (84)
ddadabdbab@EiEE§
LZc04(Ss)

dbbdabdbadaaabaahbaaabababahggig

LZe4(Se)
dbhdabdbadaaabaahbaaabababahabababaahbababaaabaaabaaabababaahgiy

49



Observation 1:

I—ZEnd (84)
abla alabalbabw

6
LZe4(Ss)
aIbIaalabaIbabIaaabaahbaaabababa@

5

LZe4(Se)
a|b|aa|aba|bab|aaabaahbaaabababahabababaahbababaaabaaabaaabababaa@

A

The length of the last LZ-End phrase decreases by 1
until the length of the last phrase becomes 1.

50



Observation 2:

S,
LZ77:aplaalabablabaaabadl
LZ-End:ablaalababablaaabaal

S5
LZ77:ablaslabablabaaabaalabaaabababaaababl
LZ-End: ablaalababablaaabaalabaaabababaaabab|

86
LZ77:ablaalabablabaaabaalabaaabababaaabablabaaabababaaabaaabaaabababaaabagl
LZ-End: ablaalababablaaabaalabaaabababaaabababaaabababaaabaaabaaabababaalabaal

51



Increase of LZ-End phrases

Observation 2:

Sy Z77(S4) =5, Zgng(Sy) = 6
LZ77:dplaalabablabaaabaal
LZ-End:ablaalababablaaabaal

S5 Z77(Ss) = 6, Zgyg(Ss) = 8
LZ77:ablaajabablabaaabaasjabaaabababaaababl
LZ-End: abjaalababablaaabaalabaaabababalaabab]

S¢  Z77(Se) = 7, Zgng(Se) = 10
LZz77:dplaalabablabaaabaaabaaabababaaabablabaaabababaaabaaabaaabababaaabaal
LZ-End: ablaalabalbablaaabaalabaaabababaaabababaalabababaaabaaabaaabababaalabaal

52



Increase of LZ-End phrases

Observation 2: Increasing number of phrases:
« LZ77:1 (for any k)
Si Z77(S4) =5, Zg,4(Sy) =6 * LZ-End: 2 (for almost all k)
LZ77:dplaalabablabaaabaal
LZ-End: ablaalababablaaabaal LZ77: +1
LZ-End: +2
S5 Z77(Ss) = 6, Zgg(Ss) = 8
LZ77:dblaalabablabaaabaalabaaabababaaaba
LZ-End: abjaalababablaaabaalabaaabababalaabab] L 777 +1
LZ-End: + 2

S¢  Z77(Se) = 7, Zgng(Se) = 10
LZz77:dplaalabablabaaabaaabaaabababaaabablabaaabababaaabaaabaaabababaaabaal
LZ-End: ablaalabalbablaaabaalabaaabababaaabababaalabababaaabaaabaaabababaalabaal
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Table of LZ77 and LZ-End phrases

End(Sk) — Zend(Sk-1)

=)

|

Length of the last .

K ZEnd 277 Zeng | Z77 LZ-End phrase Zpq diff
6 10 7 1.428... 4 2
7 12 8 1.5 3 2
8 14 9 1.555... 2 2
9 16 10 1.6 1 2
10 17 11 1.545... 384 1
11 19 12 1.583... 383 2
393 783 394 1.987... 1 2
394 784 395 1.984... 3%*2391 1
395 786 396 1.984... 3*2391 -1 2
3%2391 4 394 1.999... 3%(3*2391+301) 1
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Table of LZ77 and LZ-End phrases

End(Sk) — Zend(Sk-1)

=)

|

Length of the last .

K ZEnd 277 Zeng | Z77 LZ-End phrase Zpq diff
6 10 7 1.428... 4 2
7 12 8 1.5 3 2
8 14 9 1.555... 2 2
9 16 10 1.6 1 2
10 17 11 1.545... 384 1
11 19 12 1.583... 383 2
393 783 394 1.987... 1 2
394 784 395 1.984... 3%*2391 1
395 786 396 1.984... 3*2391 -1 l 2
3%2391 4 394 1.999... 3%(3*2391+301) 1
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Table of LZ77 and LZ-End phrases

End(Sk) — Zend(Sk-1)

=)

|

Length of the last .

K ZEnd 277 Zeng | Z77 LZ-End phrase Zpq diff
6 10 7 1.428... 4 2
7 12 8 1.5 3 2
8 14 9 1.555... 2 2
9 16 10 1.6 1 2
10 17 11 1.545... 384 1
11 19 12 1.583... 383 2
393 783 394 1.987... 1 2
394 784 395 1.984... 3*)391 1
395 786 396 1.984... 3*2391 -1 l 2
3%2391 4 394 1.999... 3%(3*2391 +301) 1
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Table of LZ77 and LZ-End phrases

&d(sk) -
/

Zgng(Sk-1) J

Length of the last .

K Zend 277 Zeng | Z17 LZ?End phrase Zeng diff
6 10 7 1.428... 4 2
7 17" ) 2
3 n Lemma 1: N
5 1| The number of 1’s is O(log’k). >
0 A\ Thus, zg.4(S,) = 2k — O(log™k). /A »
11 19 12 1.583... 383 2
393 783 394 1.987... 1 2
394 784 395 1.984... 3%)391 1
395 786 396 1.984... 3%)391 _ 9 2
3*2391 4 394 1.999... 3%(3*2391 +301) 1
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Lemma 2:

The maximal length of the last LZ-End phrase is % . 2k,

Sk I:E
1
. 3 k\( Last phrase ]

8 1
Sk2—1| O
Sk2|
Sk %




We obtain the following result.

Z77(S) =k +1
Z00(59 = 2k — O(log'K)

<

Zgnd(Sk) _ 2k — O(log™ k)
Z77(Sk) k+1

— 2 (k » o).

period-doubl |
Theorem 2: . Period-doubling sequence

There exist strings S of alphabet size o = 2 such that:
ZEnd(S)

Z77(S)

= 2 (|S]| = o).
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Summary and future work

Summary:

* \We proved that period-doubling sequence S
satisfies that z¢4(S) / z,,(S) asymptotically approaches 2
when the limit as the length of S tends to infinity.

« There also exist other binary sequences S’
such that z.4(S’) / z,;(S’) asymptotically approaches 2.

Conjecture: [Kreft and Navarro, 2013]
Zeng(T) 1 27(T) <2 holds for any string T.

60



max ratio

2.1

2.0

19

1.8

1.7

1.6

1.5
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1.3

1.2

1.1

1.0

0.9

0.8

the ratio: (Iz_end / 1z_77)

| | | | | | | | |
e brute force

e only 1 pattern. 21 'a's and 19 'b's.

1.666.. A . al

1.6 /_'_'_'_/—-—-—-—-—-f 7
105 (
At least 1.75

1 23 45 6 7 8 9 10111213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
the size of strings

The ratio seems to asymptotically approach 2.
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Summary and future work

Summary:

* \We proved that period-doubling sequence S
satisfies that z¢4(S) / z,,(S) asymptotically approaches 2
when the limit as the length of S tends to infinity.

« There also exist other binary sequences S’
such that z.4(S’) / z,;(S’) asymptotically approaches 2.

Future work:
* Prove or disprove the conjecture for upper bound.
Conjecture: [Kreft and Navarro, 2013]

Zeng(T) 1 257(T) <2 holds for any string T.




