Longest Common Rollercoasters

Kosuke Fujita®, Yuto Nakashima?l, Shunsuke Inenaga?,

Hideo Bannai?, and Masayuki Takeda'

1. Kyushu University
2. Tokyo Medical and Dental University



Background

* The Longest Common Subsequence (LCS) Problem is an
important problem that appears in various fields.

* Since 2018, the study on the sequence called rollercoaster
has been conducted [Biedl et al., 2018].

* Longest Common Rollercoaster is natural extension of LCS.



Run

Definition [Biedl et al., 2018]

A substring is a run, if it is a maximal strictly increasing (+-run)
or a maximal strictly decreasing (—run) substring.
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Run

Definition [Biedl et al., 2018]

A substring is a run, if it is a maximal strictly increasing (+-run)
or a maximal strictly decreasing (—run) substring.
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Run

Definition [Biedl et al., 2018]

A substring is a run, if it is a maximal strictly increasing (+-run)
or a maximal strictly decreasing (—run) substring.
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k-rollercoaster

Definition [Biedl et al., 2018]

A string X is a k-rollercoaster if any run in S'is of length
at least £.

X=25854 135728 41

1 2 3 4 5 6 7 8 9 10 11 12

X 1s 3-rollercoaster




Previous work on k-rollercoasters

Longest k-Rollercoaster problem

Input :
String X of length n and
Positive integer k.
Output :
Longest k-rollercoaster that is a subsequence of X.

* O(nklog n) time [Biedl et al., 2018]

e O(min{nk?, nlog? n}) time [Gawrychowski et al., 2019]




Our Problem

Longest Common k-Rollercoaster problem

Input :
String S of length n,
String T of length m (< n),
Positive integer k
Output :
Longest k-rollercoaster that is a subsequence
of both S'and 7.

When k =1, then this problem is equivalent to LCS.
So, this problem is a generalization of LCS.
In the following, | talk about the case where £ > 2.




Longest common k-rollercoaster

When k = 3,
S—84TS72TT59\1
I’'=186725351429

Longest common 3-rollercoaster subsequence of S and T'is

8362359

- s




Our Contribution

Theorem 1.

A longest common k-rollercoaster of S'and 7' can be computed
in O(nmk) time and space.

Theorem 2.

A longest common k-rollercoaster of S'and 7' can be computed
in O(rk log®> m log log m) time and O(rk) space.

r : the number of pairs (i, j) s.t. S[i] = T]/]

When § and 7 are random strings over {1, ..., g},

then the expected value of ris nm / o.

—> Theorem 2 is expected to be more space-efficient
than Theorem 1.
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Proof of Theorem 1

Theorem 1.

A longest common k-rollercoaster of S'and 7' can be computed
in O(nmk) time and space.

ldea :
We use dynamic programming on S'and T.

In our dynamic programming algorithm,
we use (k. h) -rollercoaster subsequences which are
generalization of k-rollercoaster subsequences.
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(k, h),-rollercoaster

Definition [Biedl et al., 2018]

For an integer string X, let X}, X, ..., X, be the sequence of
runs in X ordered by their occurrence in X. Forw € {+, —}
and integer h € [1, k], Xis a (k, h) -rollercoaster if X, X,, ...,
X, satisfies the following

1. Thelastrun X, is w-run.

2. |X|=zkforie[l,x-1].

3. Ifhe[l,k-1],|X]=h,and |X|>k otherwise.

12



Example of (k, h),-rollercoaster

X=98642134854213

Xl - s X3 -

Xis (4, 2).-rollercoaster
1. Thelastrun X, is+-run
2. |X1|9 IX2|9 |X3| = 4
3. h=2and|X,|=2

1. Thelastrun X, is+-run
2. |X|=kfori< [1,x—1]
3. Ifhe|[l,k-1],X]|=h, and |X|> k otherwise




Example of (k, h),-rollercoaster

X=98642134854213

ﬁ

Xy

Xis (4, 2).-rollercoaster
1. The last run X, is +-run

1. The last run X_is +-run
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Example of (k, h),-rollercoaster

X=98642134854213

X2

Xis (4, 2).-rollercoaster

2. Xl 1X5), 1X5 = 4

2. |X|=kforiE [1,x-1]




Example of (k, h),-rollercoaster

X=98642134854213

ﬁ

Xy

Xis (4, 2).-rollercoaster

3. h=2and|X,|=2

3. fh < |[1,k-1],|X]|=h,and|X]|>kotherwise




Example of (k, i)_-rollercoaster

Yy=9864213485421

Y - > Y
1 Y, 3

Yis (4, 4)_-rollercoaster
1. Thelastrun Y;is—run
BV ARVAEY
3. h=4and|¥;|>4

1. Thelastrun X, is —run
2. |X|=kfori< [1,x—1]
3. Ifhe|[l,k-1],X]|=h, and |X|> k otherwise
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Example of (k, i)_-rollercoaster

Yy=9864213485421
- Y3 -

Yis (4, 4)_-rollercoaster
1. Thelast run Y;is —run

1. The last run X_is —run




Example of (k, i)_-rollercoaster

Yy=9864213485421

Yl - s

Y,

Yis (4, 4)_-rollercoaster

2. ¥}, |¥,| =4

2. |X|=kforiE [1,x-1]




Example of (k, i)_-rollercoaster

Yy=9864213485421
- Y3 -

Yis (4, 4)_-rollercoaster

3. h=4and|Y,>4

3. Ifhe]|l,k-1],X|=h,and |X; =k otherwise
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Dynamic Programming

Forw & {+, -}, h € [Lk], i € [1,n],j € [1, m],
L i, j] = the length of longest common (k, &), -rollercoaster
subsequence of S[1..i] and TT1../] that ends with 77;].

k=2 )
[=3 L1 J
T l112134]5
S =143 L' || L
\ 1lol1]o]o]o
>lol1]lol1]0
r=2134 il3lol1]1f1]o0 L2 | L2
j=4 41111111
slil1|1]1]1
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Dynamic Programming

Forw & {+, -}, h € [Lk], i € [1,n],j € [1, m],
L i, j] = the length of longest common (k, &), -rollercoaster
subsequence of S[1..i] and TT1../] that ends with 77;].

k=2 )
=4 L2 J
s =143 2 S EREAE EI\LJ
tlololo]olo
\\\ 210[0]0]0]0
=213 472 i{3lolololo]o L2 | L2
J=3 4lojoflo]o0]3
slo{ofo]o]3
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Dynamic Programming

Forw & {+, -}, h € [Lk], i € [1,n],j € [1, m],
L i, j] = the length of longest common (k, &), -rollercoaster
of S[1..i] and TT1../] that ends with T7j].

The length of longest common k-rollercoaster of Sand T'is
max{L,[n, jl|w € {+,—},j € [1, m]}

J J
S =143 2 2 L+212345 L'212345
\\\ 1folo]lo]o]o 1foloflo]o]o
2lofolo]2]o0 2lolofo|o]o
T =12 1 3 4 2 il3folol2(2]o0 i|3lofloflofolo
4lolof2]2]2 4lolofo]o]3
slofof2f2]2 slofloflofo]f3
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Recurrence for L "[i, J]

Consider the case for w = +.
The case for w = — can be shown in a symmetric fashion.

Consider the following cases.

1. Sli] # 1]

2. Sli]=1]j]and h=1

3. S[i]=1T[j]land h & [2, k— 1]
4. Sli]=1]j]and h =k



1. 5[] # 11/]

Forany i € [1, k]
L+h[i’j] :L+h[i_ 1, /]

L."[i, j] = the length of longest common (&, /),-rollercoaster of
S[1..7i] and 11 1..j] that ends with T7T/].
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LA, j] it L i, j1#0,

L. 1[i 7]="
L] 1 otherwise.

Any (k, 1).-rollercoaster is either
* a(k, k)_-rollercoaster subsequence, or
* asequence of length 1.

Decreasing sequence of
length at least %.

Increasing sequence of length 1.
26




3.5[i] =Tj]and h & [2, k— 1]

M_."[i, j] = the length of longest common (k, /),-rollercoaster
of §[1..i] and T]1..j — 1] that ends with an element
which is less than T7/]

k=3 i=4 M+212]345
S =|143 4 tlofo|t]1]1
2lolof1|1]1

\‘ il3]olol1]2]1

T =(21 3|4 alolof1]2]1
ji=4 slolof1]2]1

MU+ MG ] #0,

L."i jl=+
i 0 otherwise.
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Algorithm for Case 3

M. "1[i, j] = the length of longest common (k, & - 1),-rollercoaster of S[1..i]] and

M—i-h_l[i B l}.]] +1

111.j - 1] that ends with an element that is less than T7/]

it M- 1, /1#0,

L, j1= .
0 otherwise.
L1 0 5 6 7 8 9 10 11
i- 0 3 7
L.’ 0 s 6 7 8 9 10 11
0 ? ?

Sli] > 1]

Sli] = 111
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
L= - |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 |0 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 6 7 8 9 10 11 m

i 0 ? ? ? | .. Sli] = T1j]
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
L= - |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 6 7 8 9 10 11 m

i 0 ? ? ? | .. Sli] = T1j]
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
L= - |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ 0 1 3 04 5 6 7 8 9 10 1l m

i 0 0 ? 2 | .. Sli] = T1/]
M., F[i 3]1=0
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
L= - |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 6 7 8 9 10 11 m

i 0 0 ? ? | .. Sli] = T1j]
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
LM 1= |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 6 7 8 9 10 11 m

i 0 0 ? 2 | .. Sli] = T1/]
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
LI )= - |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 7 8 9 10 1 m

i 0 0 6 2 | .. Sli] = T1/]

34



Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
N M-, ]+ if M i -1, j] 20,
LM 1= |
| 0 otherwise.

L+h'1 o 1 2 3 4 5 6 7 8 9 10 1l . m

i-1 | o 5 3 7 S[i] > T1j]
L.’ o 1 2 3 4 5 6 7 8 9 10 11 m

i 0 0 6 N Sli] = T1/]
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Algorithm for Case 3

M ] maximum of the blue cellsinrow i — 1 and columns 1,2, ...,j—1lin L ,*~1
i = - .
" / 0 if there are no blue cellsinrow i — 1 and columns 1,2, ... ,j—1in L, ~!
| M-, ]+ if M i -1, j] 20,
LI jl= - |
| 0 otherwise.
L+h'1 o 1 2 3 4 5 6 7 8 9 10 Il . m
i-1 o 5 3 7 Sli] > 11j]

L.’ o 1 2 3 4 5 6 71 8§ 9 no o om

i 0 0 6 8 | .. Sli] = T1/]
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4. S[i]= T[j]and h =k

In a similar way to Case 3, we obtain the following:

L+k[i: J1=1

" max {M,*[i, j1, MM, ]} + 1
if max {M,*'[i, ], M, (i, j]} #0,

0 otherwise.
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Recurrence for L."[i, j]

When h=1,

LM, j] if S[i] = T1j] and L[, ] # 0,
L j]= 1 if S[i]= T[j] and L i, j]= 0,
- L[i-1,]] otherwise.

When2<h<k-1,
MG, 1+ 1 if S[i] = TTj] and M "'[, j] # 0,

LMijl= 1 0 if S[i] = 11j] and M, *'[i, j] =0,
Li-1,/] otherwise.
When h =k,
max {M_ . *1[i, j], M, i, j1} + 1
. if S[i] = T1/] and max {M . *'[i, j], M. i, j]} #0,
A= if S[i] = 717] and max (M, [i /1, MTi, 1} =0,
LHMi-1,/] otherwise.

- 38



Retrieve

Calculate L, ![5, 5]
S=84627
* S[5] # 115], so we adapt case 1

I'=/186772 L5 5]1=L,"4 5]=3

J J

L} L3
11213415 112131415
1401 1{0]0|O0 1{0]10]0]07]0
210(1(0]01(0 21010101070
i (310(1(1]01]0 i [310(0]0(0]0
410(1(1]10}3 4101010103

'_

510|111 ]1]3 510{0(0(0]|3
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Retrieve

k

2131415

1

0{0]0]0]0

01]0(0]0]O0

L_3

1

21010101070

3

4101010103

50010(0]0]3

I
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Retrieve
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Complexity of our algorithm

1. Initialize L,!, ..., L5, L 1, ..., L ¥t0o 0

O(nmk) time and space

2. Fori=1, ..., n,
a. Forh=2,..., k computeL " L 7"
b. Compute L.k L *

c. ComputeL,!,L! O(nmk) time

3. COmpUte maX{ka[naj] | w & {+9 _}9j = [19 m]}

O(m) time

4. Retrieve longest common k-rollercoaster

O(m) time and space
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Conclusions

Theorem 1.

A longest common k-rollercoaster of S'and 7' can be computed
in O(nmk) time and space.

Theorem 2.

A longest common k-rollercoaster of S'and 7' can be computed
in O(rk log®> m log log m) time and O(rk) space.

r : the number of pairs (i, j) s.t. S[i] = T]/]
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