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Context: In this internship we propose to analyse the execution time of imperative programs with
equational reasoning, by adopting the approach of Kleene algebra with tests.

The theory of Kleene algebra is a generalization of regular expressions which are well-known to be
equivalent to finite automata, by Kleene’s theorem. In order to use Kleene algebra to reason on imperative
programs it is useful to add a notion of test, so as to be able to model control flow (conditional and while
program constructs). This leads to the notion of Kleene algebra with tests (KAT), introduced by Kozen
[Koz97]. The axioms of KAT combine those of Kleene algebra and those of Boolean algebra. KAT allows
to prove properties on the input/output behaviour on programs of a while-language in a simple way, by
means of equational reasoning. For instance some equivalences of programs or the validity of some program
transformations can be verified in this way [Koz00, KP00]. Various extensions of KAT have also been
proposed in the literature, e.g. [AFG+14, SFH+20, GMB19].

Hoare logic is a classic and wide-spread approach for reasoning on imperative programs. It handles
judgements of the form P {c} Q where c is a program, and P (resp. Q) is a precondition (resp. postcondition)
on memory, expressed in a suitable logic. The meaning of such a judgement is that if a memory m satisfies
predicate P and c’s execution on m terminates with final memory m′, then m′ satisfies Q. Kozen has shown
that KAT is as expressive as (propositional) Hoare logic, by defining an encoding of the latter into the former
[Koz00].

The standard presentation of Hoare logic only allows to prove input-output properties of programs (also
called extensional properties). However some works have introduced extensions of Hoare logic for reasoning
on non-extensional properties, such as computation time, probabilistic properties of randomized programs
etc (see [GKOS21])

Objectives: We propose to define and study a generalization of KAT which would allow to reason on
the computation time of imperative programs. For that we can take inspiration from the recent extension of
KAT that we proposed in [GBG23] and which allows to reason on some probabilistic properties of randomized
programs. Concretely it will take the form of a pair of a KAT and a partially ordered monoid, with a set of
axioms on judgements. One will also need to consider a suitable semantics, which can be a trace semantics.
We will want to prove that the extension of KAT will be expressive enough to be able to encode a Hoare
logic for execution time [GKOS21].

Expected background: Some familiarity with first-order logic and its models, as well as with regular
expressions is expected. Some basic knowledge about denotational semantics and Hoare logic for imperative
programs would also be appreciated.
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